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Abstract 

We show that there exists a Galois correspondence between subalgebras of an 
H-comodule algebra A over a base ring R and generalised quotients of a Hopf al- 
gebra H. We also show that Q-Galois subextensions are closed elements of the con- 
structed Galois connection. Then we consider the theory of coextensions of H-module 
coalgebras. We construct Galois theory for them and we prove that H-Galois coex- 
tensions are closed. We apply the obtained results to the Hopf algebra itself and 
we show a simple proof that there is a bijection correspondence between right ideal 
coideals of H and its left coideal subalgebras when H is finite dimensional. Further- 
more we formulate necessary and sufficient conditions when the Galois correspond- 
ence is a bijection for arbitrary Hopf algebras. We also present new conditions for 
closedness of subalgebras and generalised quotients when A is a crossed product. 

1 Introduction 

Hopf-Galois extensions have roots in the approach of Chase et al. [1965] who gener- 
alised the classical Galois Theory for field extensions to commutative rings. In the follow- 
ing paper Chase and Sweedler [1969] extended these ideas to coactions of Hopf algebras 
on commutative algebras over rings. The general definition of a Hopf-Galois extension was 
first introduced by Kreimer and Takeuchi [1981]. Under the assumption that H is finite 
dimensional their definition is equivalent to the now days standard 

Definition 1.1 

An H-extension A/A^°^ is called H-Hopf-Galois extension (H-Galois extension, for short) 
if the canonical map of right H-comodules and left A-modules: 

can : A ®^coh A—^A (g) ii", a (8> b\ — ^a6(o) <8) ^(i) (1) 

is an isomorphism, A'^°^ := {a ^ A : a^g) (g) a(i) = a (g) 1h}- 
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A breakthrough was made by extending the results of Chase and Sweedler [1969] 
to noncommutative setting by van Oystaeyen and Zhang. They construct Galois corres- 
pondence for Hopf-Galois extensions which has particularly good properties for field 
extensions (see [van Oystaeyen and Zhang, 1994, Thm 4.4 and Cor. 4.6]). Van Oystaeyen 
and Zhang introduce a remarkable construction of an associated Hopf algebra to an i7-extension 
A/A'^° ^ , where A as well as H are supposed to be commutative ([van Oystaeyen and Zhang, 
1994, Sec. 3], for noncommutative generalisation see: Schauenburg [1996, 1998]). We will 
denote this Hopf algebra by L{H, A). Schauenburg [1998, Prop. 3.2] generalises the van 
Oystaeyen and Zhang correspondence (see also [Schauenburg, 1996, Thm 6.4]) to Galois 
connection between generalised quotients of the associated Hopf algebra L{H, A) (i.e. 
quotients by right ideal coideals) and subextensions of a faithfully flat H-Hopf Galois 
extension of the base ring. In this work we construct a Galois correspondence without 
the assumption that the coinvariants subalgebra is commutative and we also drop the 
Hopf-Galois assumption (Theorem 4.1). Instead of Hopf theoretic approach of van 
Oystaeyen, Zhang and Schauenburg we propose to look from lattice theoretic perspect- 
ive. Using an existence theorem for Galois connections we show that if the comodule 
algebra A is flat over R and the functor A — preserves infinite intersections then there 
exists a Galois correspondence between subalgebras of A and generalised quotients of 
the Hopf algebra H. It turns out that such modules are exactly the Mittag-Leffler mod- 
ules (Corollary 3.7). We consider modules with intersection property in Section 3, where 
we also give examples of flat and faithfully flat modules which fail to have it. Then we 
discuss Galois closedness of generalised quotients and subalgebras. We show that if a 
generalised quotient Q is such that A/A'^°'^ is Q-Galois then it is necessarily closed as- 
suming that A/A'^°^ has epimorphic canonical map (Corollary 4.3). Later we prove that 
this is also a necessary condition for Galois closedness ii A = H or, more generally, if 
A/A'^"^ is a crossed product, H is flat and A'^°^ is a flat Mittag-Leffler i?-module (The- 
orem 7.1). We also consider the dual case: of if-module coalgebras, which later gives us 
a simple proof of bijective correspondence between generalised quotients and left ideal 
subalgebras of H if it is finite dimensional (Theorem 6.1). This Takeuchi correspondence, 
dropping the assumptions of faithfully (co)flatness in [Schauenburg, 1998, Thm. 3.10], 
was proved by Skryabin [2007], who showed that finite dimensional Hopf algebra is free 
over any its left coideal subalgebra. Our proof avoids using this result. We also charac- 
terise closed elements of this Galois correspondence in general case (Theorem 6.2). As 
we already mentioned, we show that a generalised quotient Q is closed if and only if 
Hj^coQ is a Q-Galois extension. Furthermore, we show that a left coideal subalgebra K 
is closed if and only ii H ^> H / H is a i^-Galois coextension (see Definition 5.2). This 
gives an answer to the question when the bijective correspondence between general- 
ised quotients over which H is faithfully coflat and coideal subalgebra over which H 
is faithfully flat holds without (co)flatness assumptions. In the last section we extend 
the characterisation of closed subalgebras and closed generalised quotients to crossed 
products. 

2 Preliminaries 

A partially ordered set, or poset for short, is a set P together with a reflexive, transitive 
and anti-symmetric relation <. The dual poset to a poset P we will denote by P°p. If 
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the partial order of P is der\oted by < then the partial order of P"^ is defined by 
Pi P2 <^ P2 < Pi- Infima in P will be denoted by /\, i.e. inf^^jpi = f\i^jPi, for 
Pi € P. We will write V for suprema in P. A poset which has all finite infima and 
suprema is called a lattice. It is called complete if arbitrary infima and suprema exist. 
Definition 2.1 

Let P and Q be two posets. Then a Galois connection is a pair {F, G) of antimonotonic 
maps: F : P'^Q : G such that '^peP^qeQ GFp > pand FG{q) > q. An element p of P 
(respectively q e Q) is called closed if and only if GFp = p (FGq = q). The set of closed 
elements of P (Q) we will denote by P (Q respectively). 

Proposition 2.2 (Davey and Priestley [2002]) 

Let [F, G) be a Galois connection between the poset P and Q. Then: 

(1) P = G{Q) and Q = F{P), 

(2) The restrictions F\-p and G\q are inverse bijections of P and Q (P and Q are largest 
such that F and G restricts to inverse bijections). 

(3) The map F is unique in the sense that there exists only one Galois connection of the 
form [F, G), in a similar way G is unique. 

(4) The map F is mono (onto) if and only if the map G is onto (mono). 

(5) If one of the two maps F, G is an isomorphism then the second is its inverse. 
If P and Q are complete lattices then so are the posets of closed elements. 

Let us note that if (F, G) is a Galois connection between posets then F and G reflects all 
existing suprema into infima. 
Theorem 2.3 

Let P and Q be two posets. Let F : P—>Q be an anti-monotonic map of posets. If P is 
complete then there exists Galois connection (F, G) if and only if F reflects all suprema. 

For the proof we refer to [Davey and Priestley, 2002, Prop. 7.34]. 

All algebras, coalgebras, Hopf algebras, etc. if not otherwise stated, are assumed to 
be over a commutative ring R. The unadorned tensor product will denote the tensor 
product over the base ring R. We refer to or Brzezihski and Wisbauer [2003] for the 
basic definitions. Let us recall that a co idea I of an i?-coalgebra G is kernel of a coalgebra 
epimorphism with source G. For a coalgebra C over a ring R the set of all coideals of 
the coalgebra C forms a complete lattice with inclusion as the order relation. It will be 
denotedby cold(C). Thecompleteposetof left coideals we let denote by cold; (C). A Hopf 
ideal of a Hopf algebra H isa kernel of an epimorphism of Hopf algebras with source H. 
The set of Hopf ideals form a complete lattice which will be denoted by MnopfiH). The 
dual lattice we will denote by Quot(i7). 

Definition 2.4 

A generalised quotient Q of a Hopf algebra H is a quotient by a right ideal coideal. The poset 
of generalised quotients will be denoted by Quotgen{H). The order relation ofQuotgen{H) we 
will denote by ^. 

A generalised subalgebra K of a Hopf algebra H is a left coideal subalgebra. The poset of 
generalised subalgebras will be denoted by Sub gen{H). 

The poset Quotgen{H) is dually isomorphic to the poset of right ideals coideals of H, which 
will be denoted as \dgeniH). We define only right version of generalised quotients and 
left version of generalised subalgebras since we will deal only with right ff-comodules. 
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Proposition 2.5 

Let H bea Hopf algebra. Then the poset QuotgeniH) is a complete lattice. 

Proof: Note that the supremum in \dgen{H) is given by sum of submodules. It follows 
that \d gen{H) is a complete upper lattice, and thus it is a complete lattice, since in any 
complete lattice we have: x A y = \/ z. ■ 

z<x and z<y 

The infimum in \dgen{H) is given by the formula: 

IAJ= + K 
KcinJ 

K&\Ag,„{H) 

where I, J £ \dg(.n{H). Furthermore, let us note that if H is finite dimensional (over a 
field) then the lattice of generalised ideals of a Hopf is both algebraic and dually algeb- 
raic. 

Ani2-algebra ^isanff-comodule algebra if ^ is a (coassociative and counital) i7-como- 
dule with structure maps: Sa ■ A iS> H and id a f : ^ H^-A, which are algebra 
homomorphisms (with the usual algebra structure on the tensor product). We denote 
the subalgebra of coinvariants by A'^"^ := {a e A : ^^(a) = a(8>l//}. For an algebra ^ the 
posetof all subalgebras wiWhedenotedhj Sub Aig (A) and Sub Aig {A/ B) := {S G SubAig{A) : 
B C S"}. Let Q be a generalised quotient of H. Then A is a Q-comodule with the struc- 
ture map Sq : = id®nQO Sa, where jiq : H^Q is the projection. If Q is a Hopf quotient 
then this coaction turns A into a Q-comodule algebra. 

3 Modules with intersection property 

For a flat i?-module M the tensor product functor M (gi — preserves all finite intersec- 
tions (see [Brzeziriski and Wisbauer, 2003, 40.16]). Furthermore, it is not hard to show 
that tensoring with a flat module preserves all finite limits. In this section we show that 
there is a large class of modules for which the tensor product functor preserves arbitrary 
intersections. We will also construct examples of flat and faithfully modules without this 
property. 

Let A^' be a submodule of N, i : N' CI N, and let M be an i?-module. Then the 
canonical image of M (g) N' in M ig) is the image of M ig) N' under the map idM <8) i- It 
will be denoted by im(M (g) A^'). 

Definition 3.1 

Let M, N be an R-modules, and let {Na)aei a family of submodules of an R-module N. We 
say that a module M has the intersection property with respect to N if the homomorphism: 

im(M 8) (pl A^„)) ^ Pi im(M ^ N„) 

is an isomorphism for any family of submodules {Na)aei- say that M has the intersection 

property if the above condition holds for any R-module N. 
Note that if M is flat then it has the intersection property if and only if the map M 
iClaei — ^ Claeii^^ ® ^a) IS an isomorphism. 

Proposition 3.2 

The intersection property is closed under direct sums. 



Proof: Let X = ®i<^iXi, be a direct sum of modules with intersection property. We 
let Tti : (Bi£iXi^Xi be the canonical projection on i-th factor and Sj : Xj— ^ ©jg/ Xi 
be the canonical section. Let {Na)a£j be a family of submodules of an i?-module A'^. 
Then we have a split epimorphism (©jg/^Tj) (g) id^ with a right inverse (ffijg/Si) (8) idjsf. 
Also for each a e J the map (ffiie/TTj) (gi i^Ar^ is a split epimorphism with right inverse 
(©ig/Sj) (g) i^AT^. Furthermore, we have a family of split epimorphisms, which sections 
are jointly surjective: 



im((©ig/Xi) (g) Af„) 



■>» im(Xi (g iVo 



They induce the following family of projections with jointly surjective sections: 

Sj (g> ic^TV 



n„gjim((©ig/Xi) ^ A^a 



Tti® id N 



n^gj (g) Na 



For this let x G im ((©jg/Xj) (g iVo.). Then, for each a ^ J, there exists ya € 

©jg/im(Xi (g) iVa,) such that (©jg/Sj (g i^Ar) {ya) = Yjiei ® ^dNiUa) = x. Since ©ig/Sj ® 
id N is a monomorphism we get y = ya ^ DaeJ ffiiG/im(-^j <8 ^or) for all or G J. It follows 
that: 



P|im((©,g/Xi) ^iVa) 



> 



ig/ Q im(Xi ® iV„) 

ore J 



is an isomorphism with inverse ©jg/Sj ® id^- Now the proposition wiU follow from the 
commutativity of the diagram: 



n<.Gjim((©ie/Xi)®iV,.) 



{{®ielXi)^{f]aejNa)) 



{(BieiiXi ® (n„ej iV«))) ©ie/im(X, ® (H^gj iV^)) ^^7^ ©ie/ R^gj im(Xi ® iV„) 



We will go around this diagram from the top left corner to the top right one and prove 
that all the maps on the way are isomorphisms. The first map is an isomorphism since 
tensor product commutes with colimits. Clearly the second map is an isomorphism as 
well. The bottom right arrow in (2) is an isomorphism since all Xi (i S /) have the inter- 
section property and we already showed that the last homomorphism is an isomorph- 
ism. 



Proposition 3.3 

The intersection property is stable under taking direct summands. 
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Proof: Let M be a direct summand in a module P which has intersection property. Let 
M' be the complement of M in P. Then we have a chain of isomorphisms: 

im(^M (g) Pi NaJ e im(^M' ® Q iVo-) ~ im(^(M M') ® ( Q iVo 

OfgJ ore,/ qtSJ 

= p im(^(MeM') ® A^a 
~ p im (M ® A^o, e M' (g) iV„) 

aeJ 

~ p im (M (g> A^o,) © P im(M' (g) iV„) 

org J org J 

Since every isomorphism in above diagram commutes with projection onto the first and 
second factor the composition also does, and thus it is direct sum of the two natural 

maps: im(^M^r\a^j iV„) n„eJ im (M » N^), im(M'®n„eJ ^ HaeJ '^^ i^' ® N^). 
It follows that both maps are isomorphisms, hence both M and M' have the intersection 
property. ■ 

Since pure projective modules are direct summands in sums of finitely presented mod- 
ules and tensor product with finitely presented modules preserves all limits we get that: 

Corollary 3.4 

Every pure projective module has the intersection property. 
Proposition 3.5 

Let M he a Mittag-Leffler R-module. Then M has the intersection property. 

We wish to thank Christian Lomp for presenting us this result and pointing us to Herbar and Trlifaj 
[2009]. Note that for the case of flat Mittag-Leffler modules the above result follows 
from [Raynaud and Gruson, 1971, Cor. 2.1.7]. 

Proof: Let Na for or € / be a family of submodule an i?-module A^. Let us consider the 
following diagram: 

> M ® (AT/ n„e, N„) > M ® N/N„) 



G 



(M (g AT)/ n„6/ im(M (g Na) Wa^ii^ (g N)/\m{M (g A^^ 



Where i and j are the canonical embeddings: i (m (g (n + flore/ ^a)) := m0{n + Najaei 
and j {{m ^ n) + f]^^j im {M (g, Na)) = (m (g n + im(Af (g A^q,))^^^ for m G M and 
n ^ N. While / sends m(g (na+A^a;) ore/ to (m (g {ua + A'q'))^^/ arid g is the canonical iso- 
morphism. Note that iin{gfi) C im{j) and hence if M is Mittag-Leffler, then G := gfi 
can be considered an embedding G : Mg{N/ f]^^j N^) -^{M^N)/ f]^^jim{MgNa). 
Hence we get the exact diagram: 
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1 I 

> im (M (g) (n^g/ No}) > M®N 

> n^G/ im (M ® iV„) > M ® N > (M ® N)/ H^e/ im (M ® iV„) 

i 



G 











coker(i?) 



i 

coker(G) 



Where H is the canonical embedding of im [M ® (Hae/ ^")) ^^^'^ i™ (riore/ (-^ ^«)) 
as submodules of M ®N . By the snake lemma we get the following short exact sequence: 



= ker(G)^coker(i/)^0 



Thus the monomorphism H is onto. ■ 

Since a module is flat Mittag-Leffler if and only if it is b^i-projective (see [Herbar and Trlifaj, 
2009, Thm. 2.9]) we get the following 
Corollary 3.6 

Any i^i-projective module has the intersection property. 
Now using [Raynaud and Gruson, 1971, Prop. 2.1.8] we obtain: 
Corollary 3. 7 

Aflat module has the intersection property if and only if it satisfies the Mittag-Leffler condi- 
tion. 

Example 3.8 ^ Let p be a prime ideal of Z. ThenP|^p* = {0}. We let Zp denote the ring of 
fractions of Z with respect to p. The Z-module Zp is flat, and Zp ®z flj = {0}- From the 
other side Hj = '^p. By similar argument Q (g)^ — doesn't posses the intersection 

property, even though it is flat over Z. The problem is that, the intersection property 
is stable under arbitrary sums but not under cokernels. Now it is easy to construct a 
faithfully flat module which does not have the intersection property. The Z-modules 
Z © Zp and Z © Q are the examples. 

In the proof of Proposition 3.4 we showed that the intersection property is stable under 
split exact sequences. However, the above examples show that the intersection prop- 
erty is not stable under pure (exact) sequences [Lam, 1999, Def. 4.83], i.e. whenever 
M' — > M — > M" — > is a pure exact sequence and M has the intersection property 
then M" might not have it. It is well known that if M" is flat then M' C M is pure [Lam, 
1999, Thm 4.85], hence 3.8 is indeed a source of examples. However, we can show the 
following proposition: 
Proposition 3.9 

Let M' be a pure submodule of a module M with the intersection property. Then M' has the 
intersection property. 



^We wish to thank S.Papadakis for discussions which led to these examples. 



3. Modules with intersection property 



8 



This property is shared by the classes of flat or Mittag-Leffler modules. 
Proof: We have commutative diagram with exact rows: 



> im (M (g) (n„g/ N^)) > M^N — g ^ M ^ {N/ n„e/ N^) > 



>im (M'®(n„e/^«)) 



H' 



H 



M' — f 



n,e,im(M®iV„) 



M^N — > {M 



^ 



G 



A^)/n„e/im(M®iV,) ^0 



It easily follows that W is a monomorphism. Let x S flae/ (^^' ® ^oi)- To prove that 
X is in the image of H' it is enough to show that it goes to under /. Now since H is an 
isomorphism it goes to under g and thus it belongs to the kernel of /. ■ 



Theorem 3.10 

Every flat R-module has the intersection property (or equivalently is Mittag-Leffler) if and 
only if for any exact sequence: 

with M', M projective, M" flat and any family of siibmodules {Na)aei of an R-module N 
the sequence: 

0^ fl (M' ^ iV„) ^ n ^ ^ n {M" ^ No) -^0 (3) 

or a a 

is exact. 

Proof: Every flat module is a colimit of projective modules. Any colimit of projective 
modules can be computed as a cokernel of a map between projective modules, by [Mac Lane, 
1998, Thm 1, Chap. V, §2]. So let M" be a flat module and let 

be exact, where M' and M are projective modules, hence they satisfy the intersection 
property. The extension £ is pure, since M" is flat [Lam, 1999, Thm 4.85]. Let {Na)aei 
be a family of submodules of an i2-module A^. We have a commutative diagram: 

> M' ® f]^N„ > M ® f]^N^ > M" ® n,.^« > 

l\\ f 
V V y 

> Ha (M' » N„) > Ha {M ® N„) > n„ {M" ® N„) > 
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The upper row is exact by purity of M' C M, thus the lower row is exact if and only if 
the canonical map / is an isomorphism. ■ 

The exactness of (3) is rather difficult to obtain but it might be useful once we know that 
every flat module is Mittag-Leffler. 

4 Galois Theory for Hopf-Galois extensions 

Now we can prove existence of the Galois correspondence for comodule algebras. 
Theorem 4.1 

Let A/Bhea H -comodule algebra over a ring R such that A is aflat Mittag-Leffler module. 
Then there exists a Galois connection: 

Suh AlgiA) QuotgeniH) (4) 

where(p{Q) := A'^°'^ and tp is given by the following formula: tp{S) = \/{Q € Quotgen{H) ■ 
S c ^^oQ}. 

If B is commutative and H is projective over the base ring then A/B is projective {B ® 
i/)-Hopf Galois extension by [Kreimer and Takeuchi, 1981, Thm 1.7] and thus the above 
theorem applies as well as [Schauenburg, 1998, Prop. 3.2]. 

Proof: We shall show that (p reflects all suprema: A'^° Vigi Qi = ^.^^ y^coQi^ From the 
set of inequalities: Vie/ Qi ^ Qj (^ie/) it follows that A"" V^ei Q. c f].^^ Let us 

fix an element a € flig/ A'^°^\ We let /j denote the coideal and right ideal such that 
Qi = H/Ii. We identify A® li with a submodule of A i7, what can be done under the 
assumption that A is flat over R. We want to show that: 

Vie/ a G A''°'^- ^ Viei 5(a) -a® 1 G A®/, ^ 5(a) -a® 1 e A^f] I, ^ a E V,g/Qi 

The first equivalence is clear, the second follows from the equality: Hie/ A ^ li = A iSi 
Pljg/ li which holds since flat Mittag-Leffler modules have the intersection property. It 
remains to show that if d{a) — a 1 G A (g> Hie/ then 5(a) — a (g) 1 G A (g) Aie/ ^i- Then 
it follows that 5(a) - a (g) 1 G A (g) f]-^j li <^ a e ^cov,6/Qi_ y^g proceed in three steps: 
we first prove this for H, then for A^ H and finally for a general ff-comodule algebra 
A. For A = H this follows from existence of the Galois connection: 

K\ >H/HK+ 

(H) QuOtge„(^) 
IJcoQ^ IQ 

where S u b^en {H) is the lattice of right coideal subalgebras of H. Note that the infimum in 
bothS 

ubjen(^) and Sub^^^g (^) is given by intersection thus the above adjunction extends 
to SubAig{H)'^Qiuotgen{H)- Now the proof for A® H\\e\.x = Y^^=i o-k®hk ^ A® H 

be such that YJk=i ® Hhk) - I]fc=i a-k ® hk ® Ih S A® H ® flie/ h- Since A is 
flat Mittag-Leffler module, every finitely generated submodule of A is contained in a 
projective submodule [Herbar and Trlifaj, 2009, Thm 2.9]. Choose a dual basis for the 
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projective submodule which contains all the {a^}: {ej,e^}j^j, where ej G Aq and 
€ Aq. Then for every j G J we have: 

{ak)A{hk)-e^ {ak)hk^l £ H^f^Ii, thus e^(afc)A(/ifc)-e^(afe)/ifc(8)l G H^/\l^. 

k i£l k iel 

It follows that id^ (8) A(2;) — Gyl®i/(8) Aig/ ^i- For general case, observe that if 

0(0) <^a{j) - a*?) 1 G A<8)njG/ then a(^o)^ 0,(1) ® ^^(2) -C'{o)^o,{i) <H) 1 G ^ (g) (g) flig/ -^i/ 
thusby the previous case 0(0) ®a(^) (8>a(g) — a(o) (8)a(_;) 01 € A®H® Computing 
idA®£®idH^e^e\.8{a)-a®l G A®j\^^jli. The formula ip{S) = \J{Q G Quotgeri(-H') : 
S C is an easy consequence of the Galois connection properties. ■ 



4.1 Closed Elements 

The main aim of this section is to characterise the closed elements of the correspond- 
ence (4). 

Proposition 4.2 

Let A he an H-comodule algebra over a ring R with surjective canonical map and let Abe a 
Qi-Galois and a Q2-Galois extension where Qi,Q2 G Quotgen{H). Then: 

Proof: Let B = A'^"'^^ = A'^°^'^ then we have the following commutative diagram: 



A®u A 




A®Qx 



id ® n\ 



A can ^ 
coH A — » A® H 



id ® 712 

A®Q2 



o {id ® n2). By 



The maps canq^ and cauQ^ are isomorphisms. Let / := [canq^ o can^ 
commutativity of the above diagram, / o can and (id ® n\) o can are equal. Moreover, 
surjectivity of can yields the equality (cang^ocang^ )o (id® 7r2) = {id®ni). It follows that 
there exists n : Qi — >Q2 such that cani o cang ^ = id®n and 710112 = ^i- Furthermore, 71 
is right //-linear and ff-colinear, thus (52 ^ Q\- In the same way we obtain that Qi Q2- 
Using antisymmetry of we get Q\ = Q2- ■ 



Corollary 4.3 

Let A he an H-comodide algebra with epimorphic canonical map cann such that the Galois 
connection (4) exists. Then Q G Quotgen(-f^) is a closed element of Galois connection (4) if 
AjA""^ isQ-Galois. 

Proof: Fix A'^"'^ for some Q G Quotgen{H) then (p^^{A'^"'^) is an upper-sublattice of 
Quotgen{H) (i-e. it is a subposet closed under finite suprema) which has the greatest 
element, namely Q = ip{A'^°^). Moreover, Q is the only closed element belonging to 
^-i|-^coQ^ Both Q < and the assumption that A/A™'^ is Q-Galois imply that 

A/A'^°'^ is Q-Galois. To this end, we consider the commutative diagram: 
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4. 1 . Closed Elements 



A(»B A 



cariH 



A 



can p. 



A®Q 



A (E>^coQ A 



canq 



^ A^Q 



From the lower commutative square we get that cariQ is a monomorphism and from 

the upper commutative square we deduce that can^ is onto. Unless Q = Q we get a 
contradiction with the previous proposition. ■ 

The above result applies also to the Galois correspondence of Schauenburg [1998], as 
it is the same as the Galois connection of Theorem 4.1 (see Proposition 2.2(3)). Since 
for a finite dimensional Hopf algebra H for every Q the extension A/A'^°^ is Q-Galois 
(see [Schauenburg and Schneider, 2005, Cor. 3.3]) we get the following statement. 
Proposition 4.4 

Let H be a finite dimensional Hopf algebra over afield k. Let A/ B be an H -Hopf Galois 
extension. Then every Q e Quotgen{H) is closed. 
Now, we adopt [Schauenburg, 1998, Def. 3.3] to our setting. 
Definition 4.5 

Let C be a R-coalgebra and let C^C be a coalgebra quotient. Then C is called left (right) 
admissible if it is R-flat (hence faithfully flat) and C is left (right) faithfully coflat over C. 

Let S belong to Suh Aig (A / B) for an H-extension A/B. Then S is called right (left) 
admissible if: 

1. A is right (left) faithfully flat over S, 

2. for right admissibility, the composition: 



cans -A 'S>s A^A i 



cany,(s) 

A — > A^ip{S), 



is a bijection, while for left admissibility the map: 



can sop -.A^P ^s^p A°p^A°p ^(^„p)co^(s°p) A"p A"p ^ ip{S"P), 

is a bijection. These maps are well deflned since S C ^coi/)(s)_ 
3. ii>{S) is flat over R. 
An element is called admissible if it is both left and right admissible. 

Note that the definition is symmetric in the sense that 5 C A is right (left) admissible if 
and only if S°p C A''p is left (right) admissible. 

Remask 4.6 Let A/B be an H-extension, such that the Galois correspondence (4) exists. Let 
S G Sub Aig {A /A"""). Then the following holds: 

(i) if cans : j4 (8)5 A—>A (g) tp{S) is an isomorphism and A is right or left is faithfully flat 
over S then S is a closed element of (4); 
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(ii) if the natural projection A is>s A^>^A (8>^co(.(s) A is a bijection and A is right or left 
faithfully flat over S then S = A''°i'(^\ i.e. S is closed element ofSubAig{A/B) in (4). 

Proof: First let us prove (2). For this let us consider the commutative diagram: 

S C A l A^sA 

I II jl^ 

j^co^is) c A^^^A0j^cov(s) A 

Themaps^— >^(8)5^and A— >yl(g)^co(,(s)^senda G ^4 to a(g)lyi or 1^ (g) a in appropriate 
tensor product. Since the diagram commutes and the upper row is an equaliser, by 
faithfully flat descent, the dashed arrow exists, i.e. A'^°^^^^ C S. We get the equality 
since, S C A^° '^^^^ holds by the Galois connection property. 

The first claim follows from (2) when applied to C A^° . It was first observed 
in [Schneider, 1992, Rem. 1.2]. ■ 

The Remark 4.6(ii) for division algebras also follows from predual Jacobson-Bourbaki 
correspondence [Sweedler, 1975, Thm 2.1]. 

We introduce the following notation: for an algebra A, A"^ denotes the opposite al- 
gebra which multiplication is given by m°^{a ® h) = ha. If is a Hopf algebra with 
bijective antipode Sh then the algebra is a Hopf algebra with the same comultiplic- 
ation and the antipode Sh°p = Sj^^. For a generalised quotient Q = H/I G Quotgen{H) 
we put Q"P := H"p/Sh{I) G Q\iOtgen{H"P) and we also write 7°^ := Sh{I). 

Theorem 4. 7 

Let Hbea Hopf algebra with bijective antipode. Let A/ B be an H -extension such that A/ Bis 
H-Galois, A°P /B°p is H°P-Galois and A is faithfully flat as both left and right B-modide. Let 
us assume that the Galois connection (4) exists. Furthermore, let A be faithfully flat over R. 
Then the Galois connection (4) gives rise to a bijection between (left, right) admissible objects 
(thus (left, right) admissible objects are closed). 

Note that \i B = A'^° ^ is contained in the center of A (as it is assumed in Schauenburg 
[1998]) then if A/B is i7-Galois then A°p/B°p is i7°f -Galois. We have a commutative 
diagram: 

can Bop 

A°P ^Bov A°P > A°P ® H°P 

T a 

AiSiB A > A®H 

cauB 

where T(a ®b°p b) = b ®b clis well defined since B = B°p is contained in the center 
of A and a(a ® h) = a^g) ® Sj^(h)a^i-^ is an isomorphism with inverse a^^(a ® h) = 
«(0) <^ a(i)SH{h). 

The proof of [Schauenburg, 1998, Thm 3.6] applies (with minor changes which we 
spot below). Here we consider a right i7-comodule algebra, while Schauenburg con- 
siders left L(H, A)-comodule algebra structure. The proof relies on [Schneider, 1992, 
Rem. 1.2 and Thm 1.4]. We let ((p°P , il)°P) denote the Galois cormection (4) for the i7 "^-comodule 
algebra A"p . We start with a basic lemma: 
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Lemma 4.8 

Let H be a Hopf algebra with bijective antipode. Let A/ B be an H -extensions such that the 
Galois connection (4) exists. Then it also exists for the H^^-comodule algebra A"^ . Fur- 
thermore, (p°P{Q) = {<piQ))°^ and ipiS^P) = {ilf{S))°^, where S G Sub Aig{A/B) and 

Q e QuOtgeniH). 

Proof : The first equation: (p°P{Q) = (^(Q)) is provedin [Schauenburg, 1998, Prop. 3.5]. 
Both maps: SubAig{A/B) 3 Si-^S^P G Sub Aig { A°p /B^p) and Quotgen{H) B Q\-^Q°p G 
Quotgen{H°^) are isomorphisms of posets thus <p reflacts suprema if and only if (p°P re- 
flacts them. It remains to show that ip°P{S"P) = [ip{S)) °^ . First, let us observe that for 
any set O of right ideal coideals we have A/eo ^"^ ~ {f\ieo ^) 

I\I"P= + J= + J"P = + J"P = (l\lY (5) 



jc n /°p j°pc( n Jc n / 

Letlp{S) = ker {H^^tp{S)). Now using formula (4) for ^ we get: 

ip{S) = : S C ^^°^/^}, ■^"^'(5°^') = f\{I°P : S C (^<'P)co 

since [A^oH/iyp ^ ^j^op-^coH"p/rp andQuot3e„(i7) 3 I^I"p := Shov{I) G Quot<,e„(/7°f 

is a bijection the two above sets are in bijective correspondence: I\-^I°p . Now, the for- 
mula ili^PiS^P) = { ipiS)) °^ follows from equation (5). ■ 



Proposition 4.9 

Let H be a Hopf algebra with bijective antipode. Let A be H-extension of B such that A is 
H-Galois, A°P is H°P-Galois and the Galois connection (4) exists, bA and Ab are faithfully 
flat and also it is faithfully flat as an R-module. Then: 

(1) if S G Sub{A/B) is right admissible then so is tp{S) and <ptp{S) = S, 

(2) ifQ G Quotgen{H) is left admissible then so is (p{Q) ■= A™*^ and tp(p{Q) = Q. 
Proof: We first prove (2): ip{Q) is left admissible by [Schneider, 1992, Thm 1.4] applied to 
A"P. The equality tp^P (p°p [q°p) = Q"p follows from Corollary 4.3. Using Lemma 4.8 we 
conclude {ipcpiQ))"^ = Q°p , and since Quotgen{H) 3 Q^Q°p G Quotgen{H°P) is a bijec- 
tion we get (p<p{Q) = Q- Now, let us assume that 5 G Sub{A/B) is right admissible. Then 
by Remark 4.6(i) S = (ptp{S) and A/5 is Q-Galois. Since, A is faithfully flat i?-module and 
As is faithfully flat, it follows from the isomorphism A^s^ — ^® fpiS) that ip{S) is faith- 
fully flat i?-module. It remains to show that H is faithfully coflat as right ^(5)-comodule. 
For this we observe, as in [Schauenburg, 1998, Prop. 3.4], that for any left ^(5)-comodule 
V there is an isomorphism: ADh {H 0^(5) V) = {ADh H) 0^(5) V = A □^(5) V, where 
the first isomorphism exists since A is coflat right i/-comodule. Now, H is faithfully 
coflat right ip{S) comodule since A faithfully coflat as both right H and ^(S')-comodule 
(what follows from faithfully flatness of A as right B and S-module and the canonical 
isomorphisms: can b A i^ib ^ — A iS> H and cans : A (8)5 A = A<Si tJ^iS)). ■ 



Proposition 4.10 

Let H be aflat R-Hopf algebra with bijective antipode. The map Quotgen{H) 3 I\-^I°p := 
Sh{I) G Quotgen{H°P) is abijection with inverse QuotgeniH"P) 3 J\-^J°p := Sh°v{J) G 
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Quotgen{H). The coideal Sh{I) is right (left) admissible if and only if I is right (left) admiss- 
ible. 

Proof: The map Quotge„(i7) 3 Ih^I^P := 5/^(1) G Quotgen{H"P) is bijection since the 
antipode Sh is bijective and the inverse S^j^ = Sh°p- 

The antipode defines an ii-linear bijection H/I = H/Sh{I) thus H/Sh{I) is i2-flat 
whenever H/I is. Let y be a left H/ Sh (/)-comodule. We make it a right H/ /-comodule 

by y 9 >t'(o) ^ Sjj^{v(^i)). Then we have 

H Dh/s^(^i) V^V Uh/i H 

hi (g) Vi I— > f j (?) /ij 

i i 

It is natural in V, hence if H is right faithfully coflat over H/Sh{I)- This shows that 
Sh{I) is right admissible if and only if / is left admissible. That / is right admissible if 
and only if Sh{I) is left admissible is proved in the same way. ■ 

Now we present the proof of Theorem 4.7 which is due to Schauenburg. 
Proof of Theorem 4.7: We let ( (p''P , ilf°P ) denote the Galois connection (4) for A^p -comodule 
algebra instead of vl - an i^-comodule algebra. 

Let S" C A be left admissible. Then S°p C A^p is right admissible, thus ip''P{S°P) 
is right admissible and by Proposition 4.9(1), (p"P Hf°P (S^p) = S°p. It follows that S = 
{<p°Pip''P{S°P))'"' = <p{ip°P{S°P)°P),hY Lemma A.S. Using Proposition 4.10 we conclude 
that {ii>°P{S"P))°^ is left admissible thus: ^(5) = ii>(p{tp''P{S''P)°P) = hence 
S = <pip{S) and (j^{S) is left admissible. 

We follow the argument of Schauenburg. Let / be right admissible. Then I^p is 
left admissible, so is (p°P{H°P /TP) = (p{H/I)"P, thus (p{H/I) is right admissible, and 
H°P/rP = ^°P<p°P{H''P/rP) = {ip(p{H/I))°^ hence /°f = {lp<p{H/I))°^ and thus / = 
lp(p{H/I), i.e. H/I = tp(p{H/I). U 



5 Galois theory for Galois coextensions 

In this section we describe the Galois theory for Galois coextensions. We begin with 

some basic definitions. 
Definition 5.1 

Let C be a coalgebra and H a Hopf algebra, both over a ring R. We call C an H -module 
coalgebra if it is an H -module such that the H -action H ®C^C isa coalgebra map: 

Ac{h ■ c) = Ac(/i)Ah(c), ec{h ■ c) = ec{h)eH{c). 

Let := c/h+c denote the invariant coalgebra. We call C^>C^ an H-coextension. 
Definition 5.2 

An H-module coalgebra C is called an H -Galois coextension if the canonical map 
cauH ■ H (gi C^>C Oqh C, /i (8) ci — >hc(^i) (g) C(2) 
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is a bijection, where C is considered as a left and right C -comodule in a standard way. More 
generally, ifK G co\di{H) is a left coideal then K^C is a coideal (at least, when the base ring 
R is afield) and an H-submodule ofC. The coextension C^C^ = cJk+c is called Galois 
if the canonical map 

cariK '■ K C^>C Dqk C, k c\ — >A;c(i)0C(2) (6) 

is a bijection. 

Basic example of an iJ-module coalgebra is H itself. Then = R and H D^h H = 
H ® H. The inverse of the canonical map is given by can]j^{k (0 h) = kS (/i(i)) <8) /t(2)- 
Definition 5.3 

Let C be an H-module coalgebra. We let Quot(C) = {C/I : I — a coideal ofC}. It is a 
complete lattice. We let Quot{c/c") denote the interval {Q e Quot(C) : < Q < C} in 
Quot(C). 
Proposition 5.4 

Let C be an H-module coalgebra over afield k. Then there exists a Galois connection: 

Quot(C/c«) c ^ co\6i{H) (7) 

C/(7+fclH)+C«— 17 

Proof: The supremum in cold;(i?) is given be sum of submodules. Thus the lattice of 
left coideals is complete. Furthermore, if / is a right coideal then I + /clj/ is also a right 
coideal. It is enough to show that the map cold;(i^) 3 I ^ I^C G cold(C) preserves 
all suprema when we restrict to right coideals which contain 1h. Let !„ G \Agen{H), for 
Of G A, then = The non trivial inclusion is C +„(/+). Let 

k = Ea^a £ i+ala)^, 1-6. k^ G la and Yua^oi € kerf. Then Y.a^« = Y^ai^ci - ^(Ml) + 

= E«(^« - KMl)- Now each k„ - e{k„)l G /+ and hence A: G +„(/+). ■ 
Theorem 5.5 

Let C be an H-module coalgebra over afield k with monomorphic canonical map canu- Let 
Ki,K2 be tivo left coideals of H such that both cariKi and canxi bijections. Then Ki = 

K2 ivhenever C^^ = C^^ . 

Proof: We have the following commutative diagram: 

Ki®C 

id 
H®C 

® id 
K20C 

It follows that i2'Siido ( canK2 ° can'^ ) = ii®id and thus Ki C K2; similarly K2 C i^i. 
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Corollary 5.6 

Let C be an H-coextension with monomorphic canonical map canu- Then K - a left coideal 
of H such that 1h ^ K is a closed element of Galois connection (7) ifC is K -Galois. 

Proof: Let C he a i^-Galois coextension, for some left coideal i^of H such that 1/^ G 
K and let K be the smallest closed left coideal such that K (1 K. Then we have the 
commutative diagram: 



canu 

H®C > > C UcH C 



K^C 



can p. 



» C ^(jK C 



^ cariK 
K®C > C UcK C 



From lower commutative square it follows that can ^ is onto, while from the upper that 
it is a monomorphism. The result follows now from the previous theorem. ■ 



6 Correspondence between left coideal subalgebras and general- 
ised quotients 

We show a new simple prove of Takeuchi correspondence between left coideal sub- 
algebras and right if-module coalgebra quotients for a finite dimensional Hopf algebra. 
We also show that for arbitrary Hopf algebra H the generalised quotient Q is closed if 
and only if H^"^ C H is Q-Galois. Similarly for a left coideal subalgebras: it is closed if 
and only if H is a i^-Galois coextension. 

Theorem 6.1 

Let H he a flat Hopf algebra over a ring R with bijective antipode. The extension H/R is 
H-Galois and there exists a Galois connection: 

i. K C H : K - left coideal subalgebraX \ H/I : / - right ideal coideal 
^ =:Subgen{H) ^ ^ =: QuOtgen{H) 

where (p{Q) = H^"'^, ip{K) = H/K^H is a Galois connection which is a restriction of 
the Galois connection (4). Moreover, this Galois correspondence restricts to normal Hopf 
subalgebras and conormal Hopf quotients. The following holds: 

(1) K G Suhgen{H) such, that H is (left, right) faithfully flat over K, is a closed element 
of the above Galois connection, 

(2) Q € Quotgen{H) such, that H is (left, right) faithfully coflat over Q is a closed element 
of Galois connection (8), 

(3) if H is finite dimensional then (pand ijjare inverse bijections. 

The Galois correspondence restricts to bijection between elements satisfying (1) and (2). 
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The existence of this Galois correspondence is proved in [Schauenburg, 1998], where 
the author notes that it is a folklore even in the case when ii is a ring rather than just 
a field. Let us note that existence does not require H to have a bijective antipode. The 
points (1) and (2) follows from Theorem 4.7 (due to Schauenburg, see also [Schauenburg, 
1998, Thm 3.10]), while point (3) follows from [Skryabin, 2007, Thm 6.1], where it is 
shown that if H is finite dimensional then it is free over every its right (or left) coideal 
subalgebra (see [Skryabin, 2007, Thm 6.6] and also [Schauenburg and Schneider, 2005, 
Cor. 3.3]). This theorem has a long history. The study of this correspondence, with Hopf 
algebraic method, goes back to Takeuchi [1972, 1979]. Then Masuoka proved (1) and (2) 
for Hopf algebras over a field (with bijective antipode). When the base ring is a field, 
Schneider [1993, Thm 1.4] proved that this bijection restricts to normal Hopf subalgebras 
and normal Hopf algebra quotients. For Hopf algebras over more general rings it was 
shown by Schauenburg [1998, Thm 3.10]. We can present a new simple proof of 6.1(3), 
which avoids Skryabin result. 

Proof of Theorem 6.1(3): Whenever H is finite dimensional, for every Q the extension 
}{coQ c H is Q-Galois by [Schauenburg and Schneider, 2005, Cor. 3.3]. Using Proposi- 
tion 4.2 we get that the map <pis a monomorphism. To show that it is an isomorphism 
it is enough to prove that ^ is a monomorphism. We now want to consider H*. To dis- 
tinguish (p and tp for H and H* we will write q>H and tpn considering (8) for H and (pn* 
and ipH* considering H*. It turns out that {ipH{K))* = (pn* {K*). It can be easily shown 
that cariK* = (cariK)* ■ H* iS>fj,coK* H*^H* K* under some natural identifications. 
Because H* is finite dimensional as well it follows that cauK* is an isomorphism, hence 
cariK is a bijection for every right coideal subalgebra K of H. Now the result follows 
from Theorem 5.5 and Proposition 2.2. ■ 



Theorem 6.2 

Let H be aflat Hopf algebra over a ring R. Then 

(i) Q G QuotgeniH) is a closed element of Galois connection (8) if and only if H/H^°'^ 
is a Q-Galois extension, 

(ii) K G Suh gen{H) is a closed element of the Galois connection {?)) if and only if H^H^ 
is a K-Galois coextension. 

Note that we do not assume that the antipode of H is bijective as it is done in Theorem 6.1 . 
The flatness of H is only needed to show that if K is closed then H^>H^ is a K-Galois 
coextension. 

Proof: For the first part, it is enough to show that if Q is closed then C is a 

Q-Galois (see Corollary 4.3). If Q is closed then Q = H/{H''°^)+H. One can show that 
for any K G Subgen{H) the following map is an isomorphism: 

H®kH^H®H/K+H, h®Kh'^hh[i^®V^^ (9) 

Its inverse is given hy H ® H/K^H 3 h®h! i — > hS{h'^j-^) ®k ^ H ®k H which is 
well defined since K is a left coideal. Plugging K = H'^"Q to equation (9) we observe 
that this map is the canonical map (1) associated to Q. 
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Now, if H^>H/K^H is a i^-Galois coextension then it follows from Theorem 5.5, 
using the same argument as in Corollary 5.6, that K is a closed element. Now, let us 
assume that K is closed. Then K = for Q = H/K+H. By [Schneider, 1992, 

Thm 1.4(1)] we have an isomorphism: 

H""^ ®H^HUqH /c (g) /iH^ 0/i(2) (10) 

with inverse H Uq H 3 /ii— > A;S'(/i(i) ) /i(2) € H'^" ^ ^^H. The above map is canonical 
ma^ {6) since K = H''"'^ andQ = H/K+H . ■ 

The above theorem gives an answer to the question when the bijection (8) holds without 
extra assumptions. 
Corollary 6.3 

The bijective correspondence (8) holds without flatness/coflatness assumptions if and only if 
for every Q e QuotgeniH) H/H^"^ is Q-Galois extension and for every K € Suhgen{H) 
H/H^ is a K-Galois coextension. 

7 Crossed product extensions 

Next we describe closed elements of the Galois connection (4) when ^ is a crossed 
product. An //-extension A/B (over a ring R) is called cleft if there exists a convolu- 
tion invertible //-comodule map y : H^>A. An iZ-extension B <^ A has the normal 
basis property if and only if A is isomorphic to B (g)^ H as a left i3-module and right 
ff-comodule. If the base ring i? is a field then the following conditions are equivalent: 

(i) ^/i? is a cleft extension, 

(ii) A/B is a Hopf-Galois extension with normal basis property, 

(iii) j4 is a crossed product of B and H,i.e. there exists an invertible cocycle a : H®"^ — > A 
such that A = B^^H as //-comodule algebras. 

For the proof see Doi and Takeuchi [1986] and Blattner and Montgomery [1989]. We 
refer to [Montgomery, 1993] for the theory of crossed products. Let us recall that the 
underlying i?-module of B^^H is B®H while the multiplication is given by the formula: 

a#ah ■ b#„k := a • b) o{h(2) ® ^(i)) #fr/i(3)^(2) 

Note that H acts on S in a compatible way {H measures B, see [Montgomery, 1993, 
Def. 7.1.1]). Let us note that the results presented below apply to finite Hopf-Galois 
extensions of division rings, since they are always crossed products by [Montgomery, 
1993, Thm 8.3.7]. 
Theorem 7.1 

Let A/B be an H -crossed product over a ring R with B aflat Mittag-Leffler R-module and 
H a flat R-module. Then the Galois correspondence (4) exists. Moreover, an element Q G 
Quotgen{H) is closed if and only if the extension A/A'^°'^ is Q-Galois. 

Proof: First of all, the Galois connection (4) exists, since we have a diagram: 
Suh Alg {B#aH) » SU bgen {H) :^^Quotgen {H) 
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where {(p, iji) is the Galois connection (8) and ^{S) = B S. The map ^preserves all 
intersections and so it has a left adjoint (o. Then the Galois connection (4) exists and it 
has the form o ^, ^ o co), since by flatness of B we have B (g) H'^°^ = (i? ® HY°^. 

LetQ G Quotjeri(^^) be a closed element of this Galois connection, i.e. Q = ip(o^(p{Q). 
Then it is closed element of (8), since it belongs to the image of ip, and thus, by The- 
orem 6.2(i), the map: cariQ : H (H)ji^coq H^>H (g) Q is an isomorphism. We have a com- 
mutative diagram: 

cariQ 

A (gj^coQ A > A^Q 



B®H i^HcoQ H > B®H®Q 

ids® cariQ 



Thus canq is an isomorphism. The converse follows from Corollary 4.3, since can : 
A i^iB A^ A H is a bijection. ■ 

Now we formulate a criterion for closedness of subextensions of A/B which general- 
ises 6.2(ii). 
Theorem 7.2 

Let A/ B be an H -crossed product extension over a ring R with B a faithfully flat Mittag-Leffler 
module and H aflat (thus faithfully flat) R-module. Then a subalgebra S G Suh A_ig{A/B) is 
a closed element of the Galois connection (4) if and only if the canonical map: 

cans : S A — >A 0^(5) H, cans{a 6) = a6(i) (g) 6(2) (11) 

is an isomorphism. 

Proof: First let us note that the map cans is well defined since it is a composition of 
S (g) A ^ yl™ ^(^) (g) A, induced by the inclusion 5 C , with ^(^) (g) yl ^ yl □ ^(5) if 

of [Schneider, 1992, Thm 1.4]. 

Now let us assume that cans is an isomorphism. We let K = H^°^^^\ Since i? is a 
flat i?-module we have {B^^jH)^"^^^^ = B^^K. The following diagram commutes: 

cans 

S<®bA > A 0^(5) H 



a 



i'^ (12) 



B#,K ® H B®{H 0^(5) H) 

P 



where a: S^bA^ {B#aK) ®b {B#„H) -^B#„K (g if is given by 

a{a (g)B = (a • &#al//) ®h for a G 5 C B#aK, b#ah G A 

It is well defined since K is a left comodule subalgebra of H. The second vertical map 
{B#aH) □^(5) H^B (g [H □^(s) H) is the natural isomorphism, since B is flat over R. 
The map P : B#„K®H^Bi®{H 0^(5) H) is defined by /S(a#„A:0/i) = (a#„/!: • lB#>(i))(g 
/i(2). Note that /8= idB'Sicanxoywhere y. {Bij^aK)i®H^ {Bij^aK)®H , y{ai^ak ® h) := 
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aa{k(^i^, /i(i))<8i/i;(2) <8)/i(2) is an isomorphism, since cis convolution invertible, while canx 
denotes the canonical map (10). Furthermore, the map canx is an isomorphism by The- 
orem 6.2(ii), since K := H'^°^^^\ By commutativity of the above diagram it follows that 
or is an isomorphism. Now, let us consider the commutative diagram: 

S {B#aH) > B#,K H 




Thus 5 = B^fyK is indeed closed, since oris an isomorphism and B^^H is a faithfully 
flat S-module under the assumptions made. 

If S is closed then S = = since S is a flat i?-module. One 

easily checks that oris an isomorphism with inverse: a^^{a^(rk <8) /i) = {a#ak) ^b 
{Is^ah). The left coideal subalgebra K = H^°'^^^^ is a closed element of (8) hence 
by Theorem 6.2(ii) canj^ is an isomorphism and thus )6 is an isomorphism. It follows 
from (12) that cans is an isomorphism as well. ■ 
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